The Standard Model predicts that the Higgs boson couples to the fermions in the mass eigenstates. We consider the effects of lepton flavor violating (LFV) Z boson couplings in the case where the Higgs boson has flavor non-diagonal Yukawa interactions with the muon and the tau lepton generated from physics beyond the Standard Model. We list the formulae of the couplings of the effective interactions among the τ lepton, the muon and the Z boson. Using these formulae, we calculate the branching fractions of various leptonic and hadronic LFV τ decays, and the LFV Z boson decay: Z → τ µ. Although the Z-boson contributions to LFV tau decays cannot be ignored in terms of the counting of operator dimensions or chirality flipptings, it turns out that they are not very significant for τ → 3µ and τ → µρ decays. We also calculate the branching fractions of the processes, τ → µπ, τ → µη (′) and τ → µa 1 , which are dominated by the Z-boson exchanges due to the spin and the parity of the hadrons.
Introduction
The Higgs boson has been discovered at LHC [1, 2] in 2012 with mass around 125 GeV [3, 4] , and all particles in the Standard Model (SM) are now discovered. Nevertheless, the nature of the Higgs field and its potential is still unknown. It is quite natural to expect that there is some larger framework, physics beyond the standard model (BSM) , that provides us with better understanding of the nature of the Higgs boson.
The lepton flavor violation (LFV) is one of the clear signals of BSM. Although the observation of neutrino oscillation phenomena (see Ref. [5] and references therein) implies that lepton flavor is not conserved in the neutrino sector, simple incorporation of the neutrino mass in the SM does not result in the charged lepton flavor violation at the observable level [6, 7] . Since the Higgs field is the origin of the flavor structure in the SM, it is quite conceivable that BSM hidden behind the Higgs mechanism induces the LFV processes with their rates much larger than the ones predicted from the neutrino mixings. Indeed, it has been shown that various scenarios of BSM predict large branching ratios of LFV processes, for example in supersymmetric models [8, 9, 10, 11, 12, 13] , multi-Higgs doublet models [14] , the littlest Higgs model with T-parity [15, 16, 17] , and the SM extended by extra dimension [18, 19] .
After the recent discovery of the Higgs boson, there have been many studies on its properties such as spin-parity and couplings [3, 4] . One of the non-trivial predictions of the SM is that the Higgs boson couples to fermions in the mass eigenstates [20] . This prediction is not necessarily true in BSM physics, and thus searching for flavor off-diagonal couplings opens up the opportunities to probe the physics behind the Higgs mechanism. The possibility of LFV couplings of the Higgs boson has been originally studied by Bjorken and Weinberg [14] (see also [21, 22] ), and after the start of the LHC experiments the model has been paid a renewed attention [23, 24, 25, 26] . In these works LFV processes induced by the off-diagonal Higgs couplings have been discussed, especially µ → eγ, τ → µγ and τ → eγ decays. Bjorken and Weinberg have pointed out that two-loop diagrams provide the main contribution to these processes rather than one-loop diagrams due to the chirality structure. It has later been estimated that the two-loop contributions are a factor of a few larger than the one-loop ones [24, 27] .
LFV processes have been searched for in the decays of the muon and the tau lepton. The current experimental limits on the branching fractions are B(µ → eγ) < 5.7 × 10 −13 [28] , B(µ → 3e) < 1.0 × 10 −12 [29] and B(µAu → eAu) < 7 × 10 −13 [30] for muons. For LFV tau decays, there have been searches for decay modes such as τ → µγ, τ → 3 leptons, and τ → µ + hadrons [31] , and the upper bounds have been obtained as O(10 −8 ). In particular, the BaBar and Belle experiments set a limit B(τ → µγ) < 4.4 × 10 −8 [32, 33] . Although the upper bounds look much stronger for muon decays, tau decays may be more important if the origin of LFV is related to the Higgs mechanism as the Higgs field couples strongly to matter in the third generation. In future, the sensitivity to the branching ratios of the LFV tau decays such as τ → µγ and τ → 3µ will be improved to at the level of 10 −(9−10) [34] at the Belle II experiment.
In addition to the B factory experiments, there have been searches for the LFV Higgs decays at the LHC experiments. Recently, the CMS collaboration has reported the upper limit of the LFV Higgs decay into the tau and the muon using 19.7 fb −1 of √ s = 8 TeV data set taken in 2012 [35] , and this provides us with the upper limit on LFV Yukawa couplings of O(10 −2 ) [24, 35] . Interestingly, the analysis of CMS has also reported a 2.4 σ excess in the H → τ µ decay mode [35] .
In the literature on the LFV tau decays through the non-diagonal Yukawa couplings, one-loop and two-loop photon mediated diagrams and the tree-level Higgs exchange diagrams are evaluated for τ → µγ, τ → 3µ and τ → µ + hadron decay processes [24, 25] . According to their formulae the sensitivities to the LFV couplings at the future B factory experiments are found to be similar to those at the LHC experiments.
In this paper, we discuss the Z boson mediated contributions to the LFV tau decays in the model with the flavor off-diagonal Higgs interactions. Such contributions have not been calculated in literature although, based on the dimensional analysis and the chirality structure, the contributions of the Z boson to effective LFV four-fermion operators are expected to be comparable to other diagrams, such as photon mediated diagrams. Moreover, in τ decays there are final states which are allowed only through the Z boson. We first list the coefficients of effective τ -µ-Z interactions for both the monopole and the dipole types. Although the dimension of the dipole operator is higher than that of the monopole type, one cannot ignore the dipole one since the contribution to the decay amplitude is comparable considering the chirality structure. Using these coefficients, we evaluate the LFV tau decays as well as LFV Z decays. It turns out that the Z boson mediated contributions to the tau decays are numerically sub-dominant when there are contribution from photon mediated diagrams such as τ → 3µ and τ → µρ decays. For the hadronic decays into pseudoscalar and axial vector mesons, the Z boson contributions are dominant, and the dipole operators are found to be numerically less important compared to the monopole ones.
In Sec. 2, we discuss the model of the LFV Yukawa couplings and gauge invariant higher dimensional operators which generate the couplings. In Sec. 3 we list the coefficients of the effective τ -µ-Z interaction obtained by evaluating the one-loop Z penguin diagrams, then by using the coefficients we evaluate the LFV Z decay. By using the effective Lagrangian, we calculate the branching ratios of LFV tau decays in Sec. 4. We summarize our result in Sec. 5.
Lepton Flavor Violating Higgs couplings
Although the couplings of the SM Higgs boson are predicted to be flavor diagonal, the BSM contribution represented by higher dimensional operators can modify the prediction. In this section, we review how such flavor off-diagonal Yukawa couplings are generated from dimension-six operators.
One of such operators isLe R ϕ(ϕ † ϕ), where L and ϕ are left-handed lepton doublets and the Higgs doublet, respectively, and e R is right-handed lepton fields. The Lagrangian which is responsible for the Yukawa interaction of lepton fields is 
2)
3)
where in a general gauge the Higgs doublet is expanded around its vacuum expectation value (VEV), In this work, we consider the effects of τ -µ-H interaction, and we assume other off-diagonal elements are zero for simplicity. In the mass basis of the charged leptons, the Lagrangian is given by 5) where P R = (1 + γ 5 )/2 and P L = (1 − γ 5 )/2. We also assume that the diagonal components of the Yukawa matrix is SM-like, i.e., Y l = m l /v.
These LFV Yukawa couplings are directly constrained by the searches for H → τ µ process at the LHC experiments. The current experimental upper bound is [35] , whereas the theoretical prediction is 
where q µ is the four momentum of the off-shell Z boson, and s = q 2 and
The wave functions of the muon and the tau lepton are denoted by u µ and u τ , respectively. The polarization vector of the Z boson is denoted by ǫ µ (q). We set the initial τ and µ in the final state as on-shell. By evaluating diagrams in Fig.1 , we obtain
FIG . 
One-loop amplitudes induced by both τ µhφ 2 and τ µφ ∓ φ ± interactions in Eq.(2.2) which are denoted as black dots.
In our notation the Z-boson interaction with fermions (f = u, d, e) which have electric charge Q f are given by 
LFV Z decay
Using the effective couplings defined in Eq. (3.1), we obtain the following branching fraction of Z → τ µ. 
14) This diagram contributes to F V 's at the leading order of r τ , while it is not important for F v D . For F a D , since the real part is already O(r τ ), the imaginary part is comparable to the real one. By using these values the branching ratio is obtained as
The difference of the coefficients between the first and second terms is caused by parity violation in the weak interaction.
LFV tau decays
In this section, we discuss the LFV tau decays induced by the off-diagonal Yukawa couplings. We first introduce the general effective Lagrangian responsible for tau decays. We then calculate the coefficients of the effective operators by using the effective coupling obtained in the previous section.
The branching fractions of the LFV tau decays are evaluated including the Z boson mediated diagrams.
Diagrams which contribute to effective couplings of four-fermion interactions, where small black dot denotes the LFV Yukawa couplings and large black dot denotes loop induced LFV interactions.
Effective four-fermion interactions
In general, the effective Lagrangian of the processes τ → µX, (X = µµ, ρ, π, η ( ′ ) , a 1 ) is given as follows § : 
two-loop diagrams, and are denoted as
. They are evaluated in Refs. [14, 27, 37, 23, 24 ]. The one-loop level contributions are expressed as (FIG. 3(a) ):
where we do not neglect the Yukawa coupling of the light fermion. The vector couplings are sum of the contributions from the photon and the Z boson mediated diagrams as follows:
where H, H ′ = R, L, and
12)
The couplings of dimension-seven operators are induced by dipole contribution of Z penguin diagrams as follows:
14)
In the effective couplings of the photon and the Z boson, we take s = 0, which is a good approximation in the evaluation of tau decays. The formulae of F 's at s = 0 at the leading order of r τ are given by 
Branching fractions of the LFV tau decays
Below, we evaluate the various LFV tau decays which are searched at the B factory experiments.
τ
The branching ratio of τ → 3µ is given by 22) where τ τ is the mean life time of the tau lepton. The cut-off parameter 0 < δ < 1 is introduced to avoid the singularity in the photon mediated contributions. In the numerical evaluation we assign
This formula includes the contributions from the dimension-seven operators, which we cannot ignore in general especially when LFV is accompanied by chirality flipping. In the model we discuss, however, as we saw in the Z decays, the contribution from the dimension-seven operators is rather suppressed due to small g e V and F a D (0). The leading contribution comes from photon dipole operators, and the contributions of four-fermion interactions (mainly the scalar ones) reduce the branching fraction by 9% through the interference terms.
The four fermion interactions generated by the photon or the Higgs boson exchanges or the photon dipole operator do not contribute to the tau decays into a pseudoscalar meson due to spin and parity.
The leading contribution to such decay modes arises from the effective Z boson couplings. The branching fraction of τ → µπ is given by
where
, and f π = 130 MeV is the pion decay constant. For η and η ′ , the only difference from τ → µπ is the hadron matrix elements. One can obtain the amplitudes of τ → µη and τ → µη ′ by the replacement of
where the decay constants f q P and f s P are defined following the Feldmann-Kroll-Stech (FKS) mixing scheme [39] . We can obtain the branching ratios of τ → µη and τ → µη ′ as follows:
From the above relation, we obtain the branching ratios as follows:
The spin-parity of the rho meson, J P = 1 − , allows the photon-exchange diagram induced from the dipole operator, and the dimension-seven operator and the vector operator induced from Z-penguin diagrams as well to contribute to the τ → µρ decay. The branching fraction is given by
MeV is decay constant of the rho meson. Compared to Refs. [24, 25] , we include the contributions from four-fermion and dimension-seven operators. The leading contribution comes from the dipole operator of the photon and other contributions increase the branching ratio by 5%.
As in the case of pseudoscalar modes, axial vector mode is possible only through the Z boson. The branching ratio is given by In addition to the photon and the Higgs mediated LFV tau decays studied in Refs. [24, 25] , we complete the analysis by including Z boson mediated contributions. We calculate one-loop diagrams to generate the effective τ -µ-Z interaction and derive formulae as functions of momentum transfer.
We find that at the one-loop level the results are finite and gauge invariant, even though the model corresponds to the addition of a higher dimensional operator to the SM.
In terms of the counting of the Y τ insertions, the effective dimension-six and seven four fermion couplings induced from Z penguin diagrams are the same order as one-loop photon penguin diagrams attached to the fermion line. The contribution of Z penguin diagrams are, however, found to be small, because axial coupling where P = η, η ′ . The values in TAB. 3 are given in Ref. [44] .
